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Consider a flat algebraic group scheme G over a noetherian base scheme 
S and acting on a noetherian scheme X. Suppose S and X have ample 
families of line bundles, e.g., that S and X are regular or afline, or are 
quasiprojective over an aftine scheme. This paper addresses the problem of 
whether all sheaves on X of finitely generated modules with G action admit 
equivariant resolutions by finitely generated locally free modules with 
G-action. In the classical case where S is a field, the affirmative solution of 
this problem is easy but useful. In the modern case where S is a general 
scheme, the question is much harder, and a good general solution is still 
unknown. This paper will show that equivariant resolutions exist in many 
interesting cases, for example, if G is semisimple or is reductive over a 
normal base S, or if G is afline and smooth with connected libres over a 
regular noetherian base S of dimension less than or equal to 2 (2.18, 2.5). 
The statement about reductive groups is a conjecture of Seshadri, who 
showed in [Se] that it implies finite generation of rings of invariants of 
reductive group actions. This is a wide generalization of Nagata’s solution 
of Hilbert’s 14th Problem over a field, (3.8). The resolution results also 
yield proofs that semisimple groups over any base S, and afline groups 
smooth with connected fibres over a regular base S of dimension at most 2, 
and any affine groups over a regular base of dimension at most 1, are linear 
in that they can be embedded as closed subgroups of Aut(-t^) for Y a vec- 
tor bundle over S, (3.2). This is well known if dim S = 0, and known to 
Raynaud if dim S= 1, but otherwise new. Similarly the resolution results 
allow one to equivariantly embed a G action on X into a linear action on a 
vector space bundle or projective space bundle if X is, respectively, non- 
equivariantly aftine of finite type or normal and quasiprojective over S (3.7, 
3.4). This greatly strengthens results of Sumihiro. 
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I am glad to acknowledge conversations with Henri Gillet, George 
Kempf, Yevsey Nisnevich, and Chuck Weibel vaguely related to this paper. 
Some of these results appear mixed with K-theory in my paper [T]. 
1. STANDING HYPOTHESES, AND GENERAL BASIC LEMMAS 
1.1. Let S be a separated noetherian scheme. Let G be a group 
scheme over S which is separated of finite type over S, and flat over S. As S 
is noetherian, it follows that G is finitely presented over S. As the flat map 
G + S is onto with a section given by the unit, G is faithfully flat over S. 
Let X be a noetherian locally separated algebraic space in the sense of 
[Kn]. For example, X could be any noetherian scheme. Let X be provided 
with a map of schemes (or of algebraic spaces) X+ S. Suppose X is 
provided with a G-action over S, i.e., a map 8: G xs X-, X satisfying the 
usual identities that define a group action. 
1.2. Recall that a quasicoherent G-module 9 on X is a 
quasicoherent sheaf of OX-modules 5 on X together with an isomorphism 
4: 8*9 + ” ~$9 on G xs X. Mumford calls this a G-linearization of 9. 
The obvious cocycle condition is to hold [T]. 
Two alternative points of view are frequently useful. The data (F:, 4) are 
exactly the “descent data” needed to define a sheaf on the truncation of the 
bar resolution simplicial scheme G x s G xs X 3 G x s X 2 X. The more 
classical point of view is that giving 8 and d is equivalent to giving 
naturally in S’ + S for all schemes S’ over S, an action of the discrete 
group of sections G(S) via automorphisms on (S’ x s X, Or @ 9). As G 
and (X, 9) represent sheaves on the big Zariski topos, one may even 
restrict to considering those S + S such that S’ is affine, as every scheme 
S’ may be covered by a&es. The equivalence is well known, and related to 
[SGA3, MF, p. 31; M, p. 1111. 
The quasicoherent G-module 9 on X is said to be coherent if 9 is 
coherent as a sheaf of OX-modules, i.e., if 9 is locally finitely generated as 
an Ormodule. As X is noetherian and G is flat over S, the category of 
coherent G-modules on X is an abelian subcategory of the abelian category 
of quasicoherent G-modules on X. The forgetful functor from coherent 
G-modules to coherent @,-modules is exact and reflects exactness. In par- 
ticular, a map of G-modules is an epimorphism in that category iff it is an 
epimorphism in the category of Q-modules. 
Descent theory works well for quasicoherent G-modules. If X’ + X is a 
faithfully flat and G-equivariant map of noetherian algebraic spaces as in 
1.1, then the category of quasicoherent G-modules on X is equivalent to the 
category of quasicoherent G-modules on x’ provided with descent data for 
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the flat cover X’ -+X. For a quasicoherent G-module on X is a 
quasicoherent module on X together with an isomorphism of such modules 
on G xs X, and such modules and isomorphisms descent with respect to 
the faithfully flat and quasicompact maps X’ -P X and G xs X’ + G xs X by 
[SGA 1, VIII, Sect. 1; Kn, II, 3, 41. 
LEMMA 1.3. Let H be a group scheme over S acting on X, and let the 
standing hypotheses of 1.1 hold. Suppose also that X is a separated and 
locally finitely presented algebraic space over S. Let H be a closed subgroup 
scheme of G, where G also satisfies 1.1, i.e., G is flat, separated, and finitely 
presented over S. Consider the balanced product G x H X, the quotient of 
GxsX by the H action h(g,x)=(gh-‘,hx). Then GxHX exists as a 
separated algebraic space, locally finitely presented over S. 
Furthermore, restriction along the H-map X = H x H X --) G x H X induces 
an equivalence of categories from the category of quasicoherent G-modules 
on G x H X to that of quasicoherent H-modules on X. It also induces 
equivalences of categories from, respectively, the category of coherent 
G-modules on G x H X, of locally free G-modules on G x H X, and of locally 
free coherent G-modules on G x H X, to, respectively, the category of coherent 
H-modules on X, of locally free H-modules on X, and of locally free coherent 
H-modules on X. 
Proof: The first step is to show G x H X exists as an algebraic space. 
Note H acts freely on G, hence on G xs X. The equivalence relation on 
G xs X induced by this action is then the closed immersion H xs G xs X + 
(G xs X) x s(G x S) given by (h, g, x) + (gh, h ~ lx, g, x). As H is flat, this is 
a flat equivalence relation. If X is also a scheme, the quotient G x H X exists 
as an algebraic space by Artin’s Theorem, [An, 3.1.11, which also shows 
G x H X is locally finitely presented. It is separated as G xs X is and the 
equivalence relation is closed. To handle the case where X is not a scheme, 
one needs the following slight extension of [An, 3.1.11. Let R be a closed 
flat equivalence relation on a separated locally finitely presented algebraic 
space 2 over the noetherian S. Then Z/R exists as a separated locally 
finitely presented algebraic space. To prove this, let 24 Z be an etale 
cover of Z by a scheme 2. Let R be the preimage of R; it is closed in 
2x,2, and so is a scheme. Then Z/R=z/j? exists by [An, 3.1.11. 
Now that the existence of G x H X is established, the second step is to 
verify the equivalences of categories using the theory of faithfully flat 
descent [SGAl, VIII, Sect. l] which generalizes immediately to algebraic 
spaces as in [Kn, II, 3, 41. 
As G x s X + G x H X is faithfully flat and finitely presented, the category 
of quasicoherent G-modules on G x H X is equivalent to the category of 
quasicoherent G-modules on G xs X provided with descent data for the flat 
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cover G xs X-* G xH X. As the fibre product of G xs X with itself over 
G xH X is the equivalence relation H xs G xs X, a G-module on G xs X 
with descent data is just an H x s G-module on G x s X, where H xS G acts 
on G x s X by (h, g) * (g’, x) = (gg’h- ‘, hx). Similarly, an H x s G-module 
on G x s X is an H-module on G x s X provided with descent data for the 
H-equivariant flat cover p2: G xs X-r X. By descent theory, this is 
equivalent to an H-module on X. 
Combining these equivalences yields that the category of quasicoherent 
G-modules on G X” X is equivalent to the category of quasicoherent 
H-modules on X. It is easy to see that this equivalence is the functor 
induced by restriction along X + G x H X as claimed. The equivalence of the 
subcategories follows from [ SGAl, VIII, 1.101, i.e., from descent theory of 
the corresponding properties of modules. 
LEMMA 1.4. Let G, X be as in 1.1. Then any quasicoherent G-module 9 
on X is the direct limit of its coherent G-submodules. 
Proof To prove this, one notes that the argument of Deligne that a 
quasicoherent sheaf on a noetherian algebraic space is the direct limit of its 
coherent subsheaves, as given in [Kn, III, 1.11, applies to general 
noetherian ringed topoi which are locally noetherian rings with a topology 
of descent. Specialized to the case at hand, the argument goes as follows. 
The algebraic space X is locally separated, so there is an etale surjection 
p: Y -+ X with Y an afhne noetherian scheme. Let f = 0. G x p: G xs Y --+ 
G x s X + X. Then f is faithfully flat, finitely presented, and separated. This f 
is a G-map, where G acts on G xs Y by translation on the G factor and 
trivially on the Y factor. 
By Lemma 1.3, the category of quasicoherent 6Q modules on Y is 
equivalent to the category of quasicoherent G-modules on G xs Y via the 
restriction along the unit e: Y + G x s Y. Note fe = p: Y + X. 
Let B be a quasicoherent G-module on X. As Y is an afline noetherian 
scheme, the quasicoherent &.-module p*F = e*f *F is the direct limit of 
its coherent submodules. Under the above equivalence e* of 1.3, this shows 
that the quasicoherent G-module f*F on G xs Y is the direct limit @ 4 
of its coherent G-submodules. 
Define the G-module 5m on X by the pullback of the diagram of 
inclusion and adjunction maps 
(1.1) 
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As f is quasicompact and separated, f, preserves quasicoherence. Also, 
f, preserves monomorphisms and unions. Hence & is a quasicoherent 
G-submodule of F-, and 9 = & Fa. 
It remains to show that pa is coherent. Asf* is faithfully flat, it will suf- 
lice to show that f *Y= is coherent. For then f* of any ascending chain of 
quasicoherent submodules of FE becomes stationary in the coherent f *FM. 
As f * is faithful, the ascending chain must then become stationary in Fa, 
which thus has the ascending chain condition and so is coherent. It remains 
then to show f *Fe is coherent. 
Consider the diagram (1.2) of inclusions and adjunction maps 
(1.2) 
As f is flat, the indicated maps are monomorphisms. Then .f*Fx is a 
submodule of the coherent $,, and so is coherent, as required. 
COROLLARY 1.5. Under the hypotheses of 1.4, any coherent 
Ox-submodule of a quasicoherent G-module F is contained in a coherent 
G-submodule of 8. 
ProoJ: Clear from 1.4, as the finitely generated submodule must be 
contained in some &. 
1.6. For G acting trivially on X, this is the fundamental Cartier’s 
lemma of [MF, p. 25; Se, Proposition 5; Su, 2.2; SGA3, VI, B, 11.91. The 
proof given above is radically different from and simpler than the 
traditional Hopf algebra proofs, and does not require the traditional 
hypothesis that G is afhne over S with Co, a projective O,-module. 
2. EXISTENCE OF RESOLUTIONS 
DEFINITION 2.1. Let G be a group scheme over S acting on X, and let 
the standing hypotheses of 1.1 hold. One says that (G, S, X) has the 
resolution property if for every coherent G-module F on X, there 
is a locally free coherent G-module, i.e., a G-vector bundle Y, and a 
G-equivariant epimorphism Y + F. 
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2.2. If (G, S, X) has the resolution property, the usual inductive 
construction shows that any coherent G-module % on X has a resolution 
by G-vector bundles. If % has Tor-dimension dN as an Lo, module, the 
resolution may be truncated to give a resolution of length <N by G-vector 
bundles. These facts follow in the usual way, see [SGA6, II]. If (G, S, X) 
has the resolution property, and % is any quasicoherent G-module on X, 
then there is a quasicoherent locally projective c?, module V and a 
G-equivariant epimorphism V ++ 9. For by 1.4, % = l&r %a with %a a 
coherent G-module. Find Va * %= by the resolution property, and let 
1”=@<. 
2.3. The question of the existence of resolutions is somewhat dif- 
ficult. I do not know a single example of a (G, S, X) which can be shown to 
fail to have the resolution property. On the other hand, considering the 
non-equivariant problem resulting from letting G be the trivial group over 
S, G = 1 = S, I do not know a proof that X has the resolution property for 
a single non-scheme-like algebraic space. The results of [SGA6, II, 2.23 
show that X has this non-equivariant resolution property when X is a 
regular noetherian scheme, or a scheme quasiprojective over some 
noetherian ring. 
I will produce certain scattered results on the existence of equivariant 
resolutions. Most results will be stated in the form that the resolution 
property for some (G, S, X) implies the resolution property for some 
related (G’, S’, X’). These results have corollaries that the resolution 
property holds for many interesting classes of (G, S, X). If the reader does 
not find his favorite case among the corollaries, he will often find a little 
work will allow him to derive his case as a corollary, or to reduce his 
problem to showing that some homogeneous space G/H is a scheme, which 
can often be done by tricks. 
LEMMA 2.4. Let S be a separated regular noetherian scheme of Cull 
dimension 0 or 1. Let G be a group scheme over S such that G * S is affine, 
flat, and finitely presented. Then (G, S, S) has the resolution property. 
Proof: This is well known. Let % be a coherent G-module on S. The 
sheaf Co, is a flat Hopf algebra on S, and the G-action on 9 corresponds 
to a coaction rr: 9 + 0, @% of this Hopf algebra. The map rr is 
G-equivariant where G acts on C!& 0 % via the translation action on &-, 
and e is a monomorphism split by the unit of G: ~9~ + ~5’~. As S is regular, 
there is a non-equivariant vector bundle W and an epimorphism W ++ % 
[SGAB, II, 2.2.7.1; II, 2.2.31. Form the pullback diagram of quasicoherent 
G-modules 
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By 1.4, there is a coherent G-submodule ,V of W’ which surjects onto 9 
by the restriction of %+-’ --H 9. But V“ is a coherent submodule of the flat, 
hence locally torsion-free module f& 0 W, so Ye is torsion-free and 
coherent. Now using the dimension hypothesis on S, S is locally Dedekind 
and so V is a vector bundle as required. 
LEMMA 2.5. Let S be a separated regular noetherian scheme of dimension 
6 2. Let G be a group scheme over S such that n: G + S is aSfine, flat, and 
finitely presented. Suppose further that rc,OG is locally a projective module 
over Os, for instance that G--f S is smooth with connected fibres. Then 
(G, S, S) has the resolution property. 
Proof Unless dim S= 2, this is a special case of 2.4. If G is smooth with 
connected tibres, rc* C!& is locally projective by [GR, Proposition 3.3.11. 
Let 9 be a coherent G-module on S. The proof of 2.4 yields a coherent 
locally torsion-free sheaf with a G-equivariant epimorphism onto F.Thus it 
suffices to find an equivariant epimorphism of a G-vector bundle onto this 
coherent locally torsion-free sheaf. Hence I may assume 9 is locally tor- 
sion-free. I may also work separately on each connected component of S, 
and so assume S is regular and connected, hence integral with a generic 
point ‘I, and that 9 is torsion-free. 
Let W be a non-equivariant vector bundle on S which surjects onto 9, 
and as in the proof of 2.4 construct the pullback diagram (2.1), and a 
coherent G-submodule Y“ of W’ which surjects onto 8. Define the 
quasicoherent G-module I^< by the pullback diagram 
P‘ , co, 0 TV” 
I 
u 
I 
(2.2) 
Y’@k(q) - (% 0 “W‘)O4?) 
As 0: 9 -+ ~9~ @S splits non-equivariantly, coker c is a retract of the 
torsion-free 0G 0 F, and hence is torsion-free. Thus coker r~ -+ coker ~7 0 
k(n) is a monomorphism. The composite map Ye + C& 0 W + Q 0 9 + 
coker c 4 coker CJ @ k(q) is 0, as it factors as 9” + V 0 k(v) + 9 0 k(q) --* 
C& @k(q) -+ coker CJ @ k(q), and the composite 9 -+ coker (T is 0. Thus 
V + coker 0 is 0, and Y is a submodule of W in (2.1). Hence 9’” + 9 
induces a G-map YF + 9, which is onto as V’ surjects onto 9 and VI is a 
submodule of 9”. 
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It remains to show that Y is a vector bundle when dim S< 2. The 
question is local, so I may assume S is affine, as well as regular, integral, 
and noetherian. 
First, Y is coherent. Let Jf be the quotient & @W/Y’, and let tJlr be 
its torsion subsheaf, the kernel of Y+ J+‘” @k(q). It is easy to see from 
(2.2) that there is an exact sequence 0 + Y’+ Y + tJf +O. As Y’ is 
coherent, Y will be coherent if tM is coherent. The projective Q-module 
flG Q W is a summand of a free Q module @ O” Us. As Y’ is coherent, it is 
contained in a coherent summand ON I!!,‘~ of @ m OS. Then ON L?c;/Y’ is 
coherent, its torsion subsheaf t( @ N OS/r’) is coherent. But @ u” 0,/Y’ is 
ON OS/Y’ direct sum a free module, so t( @ Oc 0s/Y^‘) = t( @ N cO,/V’) is 
coherent. As Co, @ W is a retract of @ O” OS, with torsion-free complement, 
M is a retract of @O” Osl,lY’ with 0” = t( @ m 0JY”‘). Hence LA’“, and so 
^Y is coherent, as required. 
Next, I claim that Y is Cohen-Macauley in codimension 62, and in fact 
satisfies condition S, of [EGA, IV, 5.71. Let S’ be open in S, and ZC S’ 
closed of codimension 22. As v/Y’ = th’” = t( @ N @J-Y’), the 
monomorphism Y -+ ON Q has torsion-free cokernal. Hence the right 
vertical map of (2.3) is a monomorphism. As S’ is normal, the middle ver- 
tical map of (2.3) is an isomorphism [EGA, IV, 5.86; 5.1.2; 5.10.14; 5.9.9). 
Hence the left vertical map of (2.3) is an isomorphism by the snake lemma. 
o+ T(s’,Y) -+ 
I 
+j OS) + .(s, y -+o 
i (2.3) 
o-,r(s’-z, v)+r S’-z, & OS 
( > ( 
-+ r s-z, 6 oSlv + 0 
> 
Thus Y is “Z-clos” for all closed Z of codimension > 2, and is torsion-free. 
By [EGA, IV, 5.10.143, Y satisfies S,. 
Finally, I use the hypothesis that dim S < 2. Then S, implies that Y is 
Cohen-Macauley. As S is regular, this implies that Y is locally free by 
[EGA, ON, 17.3.51. Thus Y is a G-vector bundle, as required. 
LEMMA 2.6. Let G, S, X satisfy 1.1. Suppose (G, S, S) has the resolution 
property. Suppose X is a scheme, and that 71: X -+ S admits a n-ample family 
of line bundles {Pa} such that each Sp, admits a G action. Then (G, S, X) has 
the resolution property, 
ProoJ The family { 2%) . is n-ample if for every affme open s’ E S, the 
family Ya 1 n: - ‘(S’) is an ample family of line bundles for n - ‘(S’) in the 
sense of [SGA6, II, 2.2.3; 2.2.41. One easily adopts family versions of the 
usual ampleness results of [EGA, II, 4.5; 4.61. 
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Let 9 be a coherent G-module on X. By ampleness, there is a finite sum 
of powers of the line bundles TM such that the canonical map (2.4) is an 
epimorphism 
This map is G-equivariant by naturality. As X is noetherian, rc.+(F@ 9:;) 
is quasicoherent by [EGA, I,,,, 6.7.21. By Lemma 1.4, there are coherent 
G submodules & of rrrr,(9@3’z) such that @ (Y;kg@~*&) -+ 9 is 
epimorphic. As (G, S, S) has the resolution property, there are G-vector 
bundles Y; on S and equivariant epimorphisms q --H ./r/;. Then 
@ (P’~,~l@rr*$‘J is a G-vector bundle on X which surjects onto 9 
equivariantly, as required. 
Remark 2.7. The hypothesis that the scheme X has a z-ample family of 
G-line bundles may be replaced by the hypothesis that there is a family of 
G-vector bundles Tz on the algebraic space X such that for any coherent 
@module 9, the canonical map @ (9; @ x*z,(~~ OF)) --f F is onto. 
Then (G, S, X) has the resolution property by the same proof as 2.6. 
COROLLARY 2.8. Let G, S satisfy 1.1, and suppose (G, S, S) has the 
resolution property. Let z: s’ + S be a map of separated noetherian schemes. 
Suppose there is a x-ample family of line bundles on S’: note this occurs ifs’ 
is affine, or if S’ is regular, or if 71: S’ + S is quasi-projective, or if s’ is 
relatively affine over S. Then (G xs S’, S’, S’) has the resolution propert-v. 
Proof: A G xs s’ module on S’ is the same as a G-module on S’ over S. 
Hence the claim is that (G, S, S’) has the resolution property. As G acts 
trivially on S’, giving the z-ample family of line bundles the trivial G-action 
allows appeal to 2.6, which yields the result. 
To see the various conditions yield the existence of a rc-ample family, 
note first that an absolutely ample family on S’ is z-ample. If S’ is regular, 
it has an ample, hence n-ample family by [SGA6] II, 2.2.7.1, 2.2.7, 2.2.5. If 
s’ is afline or affine relative to S, (OS} is an ample or z-ample family. If 7~ 
is quasiprojective, there is a n-ample line bundle by [EGA] II, Sect. 4, 
Sect. 5. 
COROLLARY 2.9. Let S be a separated noetherian scheme, which is affine, 
or regular, or at least such that (1, S, S) has the resolution property. Let G 
be a split reductive or finitely presented diagonalizable group scheme over S. 
Then (G, S, S) has the resolution property. 
ProoJ: Such a G is the pullback to S of a Z-form G’ on Spec(Z). This is 
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clear for G diagonalizable, and is proven for G split reductive in [SGA3, 
XXV, 1.1; 1.21. One now deduces the corollary from 2.8 and from 2.4, 
which says (G’, (Z), (Z)) has the resolution property. 
Note that if S has the non-equivariant resolution property, then the 
family of all coherent vector bundles on S provided with trivial G action is 
a family satisfying the hypotheses of Remark 2.7, and as indicated there the 
proof of 2.6 and 2.8 easily mutates. If S is regular or affine, 2.8 applies as is. 
LEMMA 2.10. Let (G, S, X) satisfy 1.1. Suppose further that X is a nor- 
mal scheme with a n-ample family of non-equivariant line bundles for nn: 
X + S. Suppose also that G -+ S is smooth and affine with connected fibres. 
Then X has a x-ample family of G-line bundles. Hence if (G, S, S) has the 
resolution property, so does (G, S, X). 
Proof Let {2=} be the x-ample family. By work of Raynaud and 
Sumihiro, for each 9; there is a k, > 0 such that Y$ admits a G-action, 
[Su, 1.61. I claim that the family (92) is also n-ample. It suffices to show 
that for every afline open S’ in S, that (22 1 I’} is ample for 
n-‘(S). So I may assume that S is afline, and so that the family {YU} is 
ample. By [SGA6, II, 2.2.31, there are then sections f E T(S, Y;) such that 
the family of non-vanishing loci Xfforms a basis for the Zariski topology of 
X. But if f is a section of J?i, f ka is a section of 9;~‘~) which has the same 
non-vanishing locus as f: Thus non-vanishing loci of sections of the 2:~~ 
form a basis for the Zariski topology on X, and so (22) is an ample 
family by [SGA6, II, 2.2.31, as required. The resolution property now 
follows globally from 2.6. 
LEMMA 2.11. Let S be a regular noetherian scheme, and G a group 
scheme over S with G + S smooth, affine, and with connected Jibres. Let H 
be a closed subgroup scheme of G, such that H satisfies the standing 
hypotheses 1.1. Suppose that the algebraic space G/H is a scheme. Then if 
(G, S, S) has the resolution property, so does (H, S, S). 
Proof By Morita equivalence 1.3, (H, S, S) has the resolution property 
iff (G, S, G/H) does. As G + G/H is faithfully flat and G is regular, G/H is 
regular by [EGA, O,v, 17.3.31. G/H is finitely presented over S by [An, 
3.1.11, hence noetherian. By [SGA6, II, 2.2.7.11, G/H has an ample family 
of line bundles. Then by 2.10, (G, S, G/H) has the resolution property as 
required. 
Remark 2.12. For S a regular noetherian scheme, (G, S) meets all the 
hypotheses of 2.11 if G is the split reductive group GL, by 2.9, or if G is 
semisimple by 2.18. Hence 2.11 gives the resolution property for flat finitely 
presented subgroups H of such, provided one can show G/H is a scheme. 
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Raynaud asks if GjH is a scheme whenever H has connected tibres or S is 
in characteristic 0, [R, XV, Sect. 61. This question appears difficult in 
general. Often, particular G/H can be shown to be schemes. 
LEMMA 2.13. Let G, S, X satisfy 1.1. Let n: x’+ X he an equivariant 
map which is finite and etale. Then if (G, S, r) has the resolution property, 
so does (G, S, X). In particular, if S’ + S is finite etale and (G xs s’, S’, S’) 
has the resolution property, so does (G, S, S). 
Proof: As rc is finite etale, the natural, hence equivariant trace map Tr: 
n,& -+ 0.r is epimorphic by [EGA, IV, 18.2.31. Now let 9 be a coherent 
G-module on X. By hypothesis, there is a G-vector bundle Y on X’ and an 
equivariant epimorphism PP --H rr*9. As rc is finite and flat, rc*Y” is flat 
and coherent on X, and so is a G-vector bundle. As rc is finite, the induced 
map rr* ^I. -+ rc,rt*9 is still epimorphic. Composing this with the trace 
epimorphism z* rc*$ = 9 &I TC, I!?~, --++ 5@cO, =F yields the desired 
epimorphism 7c* 3^ ++ 9. 
LEMMA 2.14. Let G, G’, S, X satisfJ1 1.1. Suppose G’ is a closed subgroup 
of G, and that TC: G/G’ -+ S is finite and flat. Then if (G’, S, X) has the 
resolution property, so does (G, S, X). 
Proof First note that as the algebraic space G/G’ is finite over a scheme 
S, it is afline over S, and so G/G’ is a scheme. Now let 9 be a coherent 
G-module on X. By hypothesis, there is a G’-vector bundle $‘ and a 
G’-equivariant epimorphism 9’. -++ 9. Under the Morita equivalence 1.3, 
this corresponds to a G-equivariant epimorphism Y’ --H 9’ on G xc’ X, 
with Y“ a G-vector bundle. As G acts on X, there is an isomorphism of G- 
schemes between G xc’ X and G/G’ x s X, sending (g, x) to (gG’, gx). Here 
G acts on G/G’ xs X by the action on each factor. As G acts on 9, 9’ on 
G xc’ X corresponds to OG,G, 0 9 on G/G’ xs X. Hence there is a G- 
equivariant epimorphism from a vector bundle Y” * I?&,~, 09’ on 
G/G’ x s X. 
Consider the pullback diagram of G-modules on X, 
Note as 71: G/G’ + S and so also 71: G/G’ xs X + X, is flat and finite, n,Y” 
is a vector bundle on X. As n is finite, TL* is exact and the indicated maps 
are epimorphisms. The unit section S --, G-P G/G’ gives a map 
7C z+s ~‘G,c/c’ + 0s which non-equivariantly splits LQs -+ 7~,(&,~.). Thus Y”’ is a 
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summand of n*Y”, and so is a vector bundle. Then Y”’ + 9 is the 
required equivariant epimorphism from a G-vector bundle. 
2.15. Lemma 2.14 yields the well-known fact that finite groups 
have the resolution property on X if X has the non-equivariant resolution 
property. One can also often use 2.14 to reduce the resolution property for 
G to the resolution property of its connected-fibre component subgroup G’. 
This sometimes allows appeal to 2.10. However, over an arbitrary base S it 
requires some work to check whether G/G’ is flat and finite. 
COROLLARY 2.16. Let 1.1 hold, and suppose G is a group scheme of mul- 
tiplicative type over a normal base S, which is affine or regular or otherwise 
such that (1, S, S) has the resolution property. Then (G, S, S) has the 
resolution property. If furthermore G is smooth over S and acts on a normal 
scheme X + S which is regular, or quasiprojective over an affine scheme, or 
otherwise has an ample family of line bundles, then (G, S, X) has the 
resolution property. 
Proof By [SGA3, X, 5.161, there is a finite etale map S’ + S such that 
G x s S’ is diagonalizable. By Lemma 2.13, I may base change from S to S’, 
and so may assume G is diagonalizable. Then by Corollary 2.9, (G, S, S) 
has the resolution property. Now let G’ be the connected-fibre subgroup of 
G. By [SGA3, VIII, 2; 31, G is a product G/G’ x G’, with G/G’ finite etale 
over S and G’ smooth with connected libres. By Lemma 2.14, I need only 
show that (G’, S, X) has the resolution property, and so may assume G has 
connected fibres. Then Lemma 2.10 yields the result. 
LEMMA 2.17. Let G be a semisimple group scheme over a noetherian 
separated scheme S. Assume that (1, S, S) has the resolution property, e.g., 
that S is regular, or affine, or quasiprojective over an affine scheme. Then 
(G, S, S) has the resolution property. 
Proof If G is split, this follows from Corolllary 2.9. The strategy in the 
general case is to reduce to the split case by a chain of Morita equivalences 
involving various groups acting non-trivially on various schemes. 
I may assume S is connected, so the type of the fibres of G over S is con- 
stant. Let Ep’ be the split reductive group over Z with the same root data 
as G. This exists by [SGA3, XXV, 1.21. Let E = Ep’ x (z,S be the split form 
of G over S. 
By [SGA3 XXIV, 1.81, there is a scheme Isom,(E, G) such that maps 
T+ Isom,(E, G) correspond to isomorphisms of group schemes E xs T= 
G xs T. Further, Isom,(E, G) + S is separated and smooth, and also is an 
afIine map as G is semisimple. Let ad(E) denote the adjoint group of E, i.e., 
the quotient of E by its center [SGA3, XXII, 4.3.61. Then ad(E) acts 
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faithfully on E by inner automorphisms. This induces a free action of ad(E) 
on Isom,(E, G), and the quotient Isom,(E, G)/&(E) is a scheme 
Isomext,(E, G) by [SGA3, XXIV, 1.101. As E is semisimple, 
Isomext,(E, G) is finite over S, and in fact is a principal homogeneous 
space under the group Autext(E), which is the discrete group of 
automorphisms of the root data of E by [SGA3, XXIV, 1.10; 1.3, 1.23. 
Thus Isomext,(E, G) -+ S is finite Galois, with Galois group Autext(E), 
and so is etale. Thus by Lemma 2.13, it suffices to show that (G, S, 
Isomext,(E, G)) has the resolution property, where G act trivially on 
Isomext,( E, G). 
As Isom,(E, G) + Isomext,(E, G) is a principal homogeneous space 
under ad(E), 1.2 shows that the category of quasicoherent G-modules on 
Isomext,(E, G) is equivalent to the category of quasicoherent ad(E) x G- 
modules on Isom,(E, G). As in the proof of 1.3, this induces equivalences 
of the subcategories of equivariant vector bundles and coherent modules. 
I claim that the various categories of ad(E) x G-modules on Isom,(E, G) 
are, respectively, equivalent to the categories of ad(E) K E-modules on 
Isom,(E, G). Here ad(E) K E is the semidirect product under the con- 
jugation action of ad(E) on E. In terms of the functor of points, given a 
scheme T and e, e’, f, f' E E(T) inducing c?, 7~ (ad E)(T), the product 
(F, e’)(J f ‘) is (q, e’ef ‘e- ’ ). Note every element of ad(E)( T’) lifts to E(T) 
on a flat cover T -+ T’ as the center of E, and so E + ad(E) is flat. The 
group ad(E) DC E acts on IsomJE, G) via ad(E). I will define isomorphisms 
$I: ad(E)KEx,Isom,(E,G)zad(E)x,Gx,Isom,(E,G) 
Ic/?: (ad(E) K E) xs (ad(E) K E) xs Isom,(E, G) (2.6) 
z (ad(E) xs G) x (ad(E) xs G) x Isom,(E, G). 
By the Yoneda lemma, it suffices to define natural isomorphisms of the 
sheaves they represent on the flat topology of schemes over S. In terms of 
these sheaves, on passing to a finer flat cover T, assume I have e, e’, J f' 
in E(T), inducing Z, 7 in (ad(E))(T), and a 4: Ex,TzGx.T in 
Isom,(E, G)(T). Then set 
$,(2, e’, 4) = (6 de-‘e’e), 4) 
tiz(C e', Jf', d)= (e, df-'e-'e'ef),f, $Cf-'f'f), 4). 
(2.7) 
Using the fact that 4 is an isomorphism, one sees that 11/, and It/z are 
natural isomorphisms of the sheaves of points, and so induce isomorphisms 
of schemes (2.6). Routine calculation reveals that $, and I++~ induce 
isomorphisms of truncated bar resolutions of 1.2, 
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II 
/II #I 
I 
111 Iy2 
I 
Isom,(E, G) 2~ (ad E x G) xS Isom,(E, G) E (adExG)x,(adExG)x,Isom,(E,G). 
(2.8) 
Thus the various categories of descent data for the two truncated bar 
resolutions are, respectively, equivalent. But by 1.2, this is precisely the 
claim. 
Combining the above equivalences shows that the various categories of 
G-modules on Isomext,(E, G) are, respectively, equivalent to the categories 
of ad(E) K E-modules on Isom,(E, G). Hence it suffices to prove the 
resolution property for (ad(E) K E, S, Isom,(E, G), 
By [SGA3, XXIV, 1.81, rc: Isom,(E, G) --, S is affine. Hence the structure 
sheaf 0 is by itself a n-ample family of ad(E) K E-line bundles. Now by 
Lemma 2.6, it suffices to prove that (ad(E) K E, S, S) has the resolution 
property. But as (1, S, S) has the resolution property and ad(E) K E is 
=Wp’) H EP’ xCZ) S, this holds by 2.8, augmented by 2.7 as in the proof of 
2.9. 
THEOREM 2.18. Let G be a reductive group scheme over S, S a noetherian 
separated scheme. Suppose that (1, S, S) has the resolution property, i.e., that 
every coherent Q-module can be resolved by vector bundles; for example, 
that S is affine or regular. Suppose either that G is semisimple, or that S is 
normal, or that the radical and coradical are isotrivial, i.e., diagonalizable on 
a finite etale cover of S. Then (G, S, S) has the resolution property: every 
coherent G-module on S admits an equivariant resolution by G-vector 
bundles. 
If moreover G acts on a normal noetherian separated scheme X, and there 
is a n-ample family of line bundles for IK X + S, e.g., if X is regular, or is 
quasiprojective over S, then (G, S, X) has the resolution property. 
Proof The results about X follow from those about S by Lemma 2.10, 
so it suffices to prove the results on S. The semisimple case is Lemma 2.17. 
For the other cases, recall that the radical rad(G) is the unique maximal 
torus of the center of G, and that the coradical corad(G) is the quotient of 
G by its commutator subgroup, [SGA3, XXII, 4.3.6; 6.2.1; 6.2.21. The com- 
mutator subgroup der G is semisimple by [SGA3, XXII, 6.2.11. 
By [SGA3, X, 5.163, the case where S is normal is a subcase of the case 
where rad(G) and corad(G) become diagonalizable on a finite etale cover 
S’+ S. Using Lemma 2.13, it suffices to show (G xs S’, S’, S’) has the 
resolution property, and so I may assume rad(G) and corad(G) are 
diagonalizable. 
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So let rad(G) = D,(N) be the split torus with character group N. Then 
by decomposition of a representation of D,(N) by characters [SGA3, I, 
4.7.31, a coherent rad(G) x der(G) module 9 is equivalent to a sum 
indexed by N, @ F”, where each Fn is a coherent der(G) module, and 
9” = 0 except for finitely many n. As der(G) is semisimple, by (2.17) there 
are der(G) vector bundles ?a and der(G)-equivariant epimorphisms 
v; --H 9”. If I take I: = 0 when & = 0, @ Y’; is coherent, and 
corresponds to a rad( G) x der( G)-vector bundle ?“ which equivariantly 
surjects onto 9. Thus rad(G) x der(G) has the resolution property. 
By [SGA3, XXII, 6.2.41, the obvious map rad(G) x der(G) --t G is onto, 
with kernel isomorphic to the kernel of the isogeny rad(G) + corad(G). As 
these groups are diagonalizable, [SGA3, VIII, Sect. 31 shows that the 
kernel is the diagonalizable D,(M). 
Now let 9 be a coherent G-module. There is a rad(G) x der(G) vector 
bundle Y- and an equivariant epimorphism Y- -W 9. Decompose this by 
the characters M of D,(M). Then F = 4, and “+‘;I * ,FO is a G = rad(G) x 
der(G)/D,(M) equivariant epimorphism. As Y0 is a non-equivariant sum- 
mand of 9” = @ 9’;, it is a vector bundle on S, as required. This completes 
the proof. 
COROLLARY 2.19. Let P he a parabolic subgroup of a reductive group G 
over S, and suppose that S is a regular noetherian separated scheme. Then 
(P, S, S) has the resolution property. 
I f  such a P acts on a normal noetherian separated scheme X, and there is a 
n-ample family of line bundles for 7~: X + S, e.g., t f  X is regular, or is 
quasiprojective over S, then (P, S, X) has the resolution property. 
Proof The case of X follows from the case of S by 2.10. The quotient 
G/P is a scheme by [SGA3, XVI, 2.51. Hence the case of S follows from 
2.18 and 2.11. 
3. APPLICATIONS OF RESOLUTION TO LINEARIZATION OF GROUPS, 
TO EQUIVARIANT EMBEDDING OF ACTIONS INTO 
LINEAR AFFINE OR PROJECTIVE ACTIONS, AND 
TO THE FINITE GENERATION OF RINGS OF INVARIANTS 
THEOREM 3.1. Let S be a separated noetherian scheme, and G a group 
scheme over S such that n: G --f S is flat, affine, and of finite type. Suppose 
(G, S, S) has the resolution property. Then there is a vector bundle V on S 
and a group homomorphism which is a closed immersion G --t Aut,(Y*) into 
the linear group scheme of automorphisms of 9.. If S is affine, one may take 
Vto be a free vector bundle, so there is a group homomorphism and closed 
immersion G + GL,. 
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Proof: Consider the sheaf of algebras ~0~ on S. As G is of finite type 
over S, and coherent modules on opens of S extend to coherent modules 
on S, there is a coherent submodule J(r’ of rr.+Q which generates rr.+e)G as a 
sheaf of algebras. By Corollary 1.5, JV’ is contained in a coherent G-sub- 
module J. By the resolution property, there is a G-vector bundle r and a 
G-epimorphism Y u Jf. This induces an equivarent surjection of the 
symmetric algebra onto rr* O,, S’(Y) ++ n+ f&. This gives a G-equivariant 
closed immersion f: G + V= Spec,(S’( V)). The action of G on -Y gives a 
homomorphism p: G + Aut(Y). The action of G on V is the restriction via 
p of the natural action of Aut(-Y-) on V. 
Let Transpstr(f, f) E Aut(Y) be the closed subgroup that sends f(G) to 
itself. This exists by [SGA3, VIII, 6.5e, 6.81, as Aut(Y) is locally like GL,, 
so Aut(Y) is affine over S with coordinate ring locally like that of GL,, 
hence locally a projective module over OS as required by the reference. As f 
is G-equivariant, p induces a i: G + Transpstr(f, f ). Define a map of 
schemes r: Transpstr(f, f) + G, such that on the functor of points 
r(h) = h. 1, the point of G which is the image of the unit point by the action 
of h. Then r 0 i = id: G --* G, so G is a retract of Transpstr( f, f) as a scheme. 
As Transpstr(f, f) is separated, this shows i: G + Transpstr(f, f) is a 
closed immersion. Thus p: G + Transpstr(f, f) -+ Aut(Y) is a closed 
immersion as required. 
When S is affine, there is a vector bundle YY such that -W @ Y is free. 
Giving 7yr the trivial G action, one replaces the old $‘- by w  @ “Y, and so 
gets a free -Y. Then Aut(Y) is GL, for n the rank of Y, as required. 
COROLLARY 3.2. Let S be a separated noetherian scheme. Let G be a 
group scheme over S, with G --f S affine of finite type. Suppose either 
(1) S regular and dim S< 1, 
(2) S reguIar; dim S< 2; n*i??o locally a projective module over Os, 
e.g., if G + S smooth with connected fibres, 
(3) S regular or affine or has an ample family of line bundles; G a 
reductive groupscheme which is either split reductive, or semisimple, or with 
isotrivial radical and coradical, or over a normal base S. 
Then there is a vector bundle V on S and a closed immersion group 
homomorphism G + Aut,(“Y). If S is affine, there is a closed immersion 
group homomorphism G + GL,, 
Proof: 3.1 with 2.4, 2.5, 2.18. 
Note that for S a field, the corollary is well known and trivial. For S 
regular of dimension 1, this is a result of Raynaud [SGA3, VI,, 11.11.1). 
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THEOREM 3.3. Let S be a separated noetherian scheme, G a group scheme 
over S such that G --) S is affine, of finite type, and smooth with connected 
fibres. Let G act on the normal scheme X, and suppose ‘it: X + S is non- 
equivariantly quasiprojective. Suppose (G, S, S) has the resolution property. 
Then there is a G-vector bundle V and a G-equivariant immersion X+ p(V) 
into the corresponding bundle of proj’ective spaces with linear G-action. 
Proof As rcn: X -+ S is quasiprojective, X has a rc-very ample line bundle 
8. Under the hypotheses, [Su, 1.61 shows that some positive power 9”” of 
Y is a G-line bundle. As 9”’ is still x-very ample by [EGA, II, 4.6.111, I 
may replace 9 by Zp” and so assume that G acts on 9. By [EGA, II, 
4.4.61, as 9’ is n-very ample, there is a coherent OS-submodule b’ of rr,9’ 
such that rc*&” + 9 is onto, and such that n*(S(&)) -M @,, L? induces 
an immersion X+ Proj,(S’(d’)). By Corollary 1.5, d’ is contained in a 
coherent G-submodule E of n,Y. Then n*d + dip is also onto. The 
G-equivariant map n*(S(&)) + @ 9” is onto, and induces a 
G-equivariant immersion X -+ Proj J S’( 8)) by [EGA, II, 4.4.1 (ii)] and the 
fact that rc*(S(&‘))~ n*(S(L?)) yields an immersion. This much of the 
proof is due to Sumihiro [Su, 2.51. 
Now let Y be a G-vector bundle on S, and V” + d an equivariant 
epimorphism. Such exists by the resolution property. Then the surjection 
S’(9”) 7 s’(G) induces an equivariant closed immersion Proj,(S’(B)) + 
Proj,(S (V)) = P’(Y). The composite is a G-equivariant immersion 
X-t p(V) as required. 
COROLLARY 3.4. In particular, there is a G-equivariant immersion 
X + p(Y) for some G-vector bundle 9” when S, G, X satisfy 1.1, X --) S is 
non-equivariantly quasiprojective, X is normal and one of the following sets 
of conditions holds: 
(1) S regular, dim S< 2, G -+ S affine and smooth with connected 
fibres. 
(2) S regular, and G reductive 
(3) G semisimple or split reductive, S has an ample family of line bun- 
dles, e.g., S affine. 
Proof 3.3 with 2.5, 2.18. 
Remark 3.5. Sumihiro proved in [Su, 2.51 that X could be 
equivariantly embedded in p(&) for d a coherent G-module on S. But if d 
is not a vector bundle, P’(a) is not a nice bundle of W’s, as the rank n 
varies from libre to libre as the rank of b. 
THEOREM 3.6. Let S be a separated noetherian scheme, and G a group 
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scheme over S with G -t S separated, flat, and offinite .type. Let K: X + S be 
affine of finite type, and suppose G acts on X. Suppose (G, S, S) has the 
resolution property. Then there is a G-vector bundle Y on S, and a 
G-equivariant closed immersion X + A,(+‘“) of X into the linear G action on 
the affine vector bundle space of-Y- over S. If furthermore S is affine, -Y may 
be chosen to be free, so there is an equivariant closed immersion X + F%; into 
a linear action on affine space. 
Proof. This is similar to the beginning of the proof of 3.1. Let JV’ be a 
coherent OS-module of n*Ox which generates z* Ox as an algebra. Enlarge 
.A’“’ to a coherent G-submodule JV of rc*Ux using Corollary 1.5. 
The resolution property yields an equivariant epimorphism from a 
coherent G-vector bundle Y -H Af. Then S’(V) u S(Jv) -H rrn, Ox is a 
G-equivariant surjection. This induces an equivariant closed immersion 
X-r Spec,(S’(V)) = A(V) as required. 
When S is afhne, Y may be taken free as in the proof of 3.1. 
COROLLARY 3.7. Let G, S satisfy the standing hypotheses 1.1. Let rc: 
X + S be affie of finite type, and let G act on S. Then there is a linear 
G-action on a vector bundle space A(V) over S and an equivariant closed 
immersion X + A(V) whenever any of the following sets of conditions is met. 
If S is affine, 9’” may be taken free. The conditions are either: 
(1) S regular of dimension < 1, 
(2) S regular, dim S<2, G -+ S smooth with connectedfibres, 
(3) S either regular or affine, G either semisimple or split reductive, 
(4) S either regular, or affine, or has an ample family of line bundles, 
or otherwise has the non-equivariant resolution property (1, S, S), and G 
reductive with isotrivial radical and coradical, 
(5) S normal and affine, G reductive. 
Proof 3.6 with 2.4, 2.5, 2.9, 2.17, 2.18. Note that case (1) is well known. 
THEOREM 3.8. Let A be a universally Japanese noetherian ring, for exam- 
ple any excellent ring, for example, any ring finitely generated as an algebra 
over a field, over Z, or over a noetherian complete local ring. Let G be a 
reductive group over A. Assume that G has radical and coradical that become 
split tori after a finite etale ring extension. Note that this last condition is 
met either if G is semisimple or split reductive, or tf A is normal. 
Let G act algebraically on a finitely generated A-algebra B. Then the ring 
of invariants, BG, is a finitely generated algebra over A. 
Proof In [Se, Theorem 21, Seshadri showed this would follow from his 
conjecture that Spec(B) could be equivariantly embedded in a linear action 
on an affine space. This conjecture was proved in 3.7. 
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3.9. Theorem 3.8 is a solution of Hilbert’s fourteenth problem for 
more general rings A than fields. The argument in Seshadri’s paper [Se] 
parallels the proof of Nagata for fields, but gets stuck because the 
resolution property is no longer obvious over a base (A). 
Note that the dimension of the isotropy groups of G on Spec(B) usually 
varies from point to point, and so Spec(B) + Spec(B)/G is usually not a 
geometric quotient in the sense of Mumford by [MF, I, Sect. 2, 1.3, p. 301. 
For example, if B is a polynomial ring over A, with linear G-action, the 
origin of Spec(B) is fixed by G, but the other non-fixed vectors have 
smaller isotropy groups. Thus Theorem 3.8 cannot be deduced from Fogar- 
ty’s theorem on geometric quotients [Fo]. On the other hand, the con- 
struction of many geometric quotients and the proof that they are of finite 
type over S is made possible by amplifying the work of [Se] with 3.4, 3.7, 
and 3.8. 
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